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ABSTRACT
We examine the properties and symmetries of the lowest order effective theory
of 4–dim string backgrounds with axion and dilaton fields and zero cosmolog-
ical constant. The dimensional reduction yields an Oˆ(2, 2) current group of
transformations in the presence of two commuting Killing symmetries. Spe-
cial emphasis is placed on the identification of the T and S string duality
symmetries, and their intertwining relations.
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The string dualities are symmetries beyond the ordinary reparametrization invariance of
general relativity, which provide a novel view of space time, as experienced by extended
objects propagating in it in a quantum mechanically consistent way. As such, they
are considered to be instrumental in the understanding of various aspects of the string
equivalence principle, a concept whose general formulation is admittedly lacking at the
moment. T–duality, which is the best known example of this kind, is associated with
string backgrounds that possess an Abelian isometry. S–duality, which has received
attention more recently in the context of the toroidal compactification of the heterotic
string, is a discrete SL(2, Z) transformation that acts on the coupling constant of the
theory and has a non–perturbative meaning in the full theory.
It is natural to expect that the string dualities will be discrete remnants of continuous
symmetries of the lowest order effective field theory that models the vanishing conditions
of all beta functions in the 2–dim σ–model approach to string dynamics. This is cer-
tainly true for the known dualities, which involve discrete transformations of the massless
modes of the string, namely the target space metric Gµν , the antisymmetric tensor field
Bµν and the dilaton Φ. So, apart from using the continuous symmetries of the effec-
tive theory as solution generating techniques for non–trivial string backgrounds to lowest
order in α′, there is also the scope for discovering new duality transformations within
that framework. For example, if a class of string models exhibit both T and S–duality
symmetries, their intertwining will give rise to new symmetries, like T–S–T, etc. It is
important to emphasize that the solution generating transformations of ordinary grav-
itational theories have nothing to do with general covariance, once the diffeomorphism
group is moded out. But if the diffeomorphism group is moded out in string theory,
there will still remain discrete duality symmetries attributed to the string equivalence
principle. We will study the properties and symmetries of the string effective theory with
this particular philosophy in mind.
We consider strings in M4 ×K, where M4 is a 4–dim space with signature − + ++
and K is some internal space whose details will be irrelevant for the present purposes.
We assume that c(M4) = 4, i.e. the cosmological constant is zero (at least to lower order
in α′) and perform the dimensional reduction of the string background equations in the
presence of two Abelian isometries in M4. We make the ansatz for the metric Gµν ,
ds2 = f(Z+, Z−)dZ+dZ− + gAB(Z+, Z−)dX
AdXB ; A, B = 2, 3 , (1)
and we also take Φ(Z±) and b(Z±), where b is the axion field associated to Bµν . It then
follows that the only non–trivial component of the antisymmetric tensor field is B23 ≡ B
and that
∂±b = ±
e−4Φ√
det g
∂±B . (2)
We are considering this special class of 4–dim string backgrounds because the dimension-
ally reduced theory is quite rich and exhibits an infinite dimensional hidden symmetry
that acts on the space of solutions. In fact, the reduced theory is an integrable 2–dim
system consisting of two (essentially) decoupled Ernst SL(2, R)/U(1) σ–models, one for
1
the symmetric matrix g and the other for the axion–dilaton matrix
λ =
√
det g e2Φ

 1 b
b b2 + e−4Φ

 . (3)
The symmetry that transforms backgrounds of this type into each other is a string gen-
eralization of the Geroch group that is encountered in reduced vacuum gravity.
The Ernst σ–model equation that encodes all non–linearities of the reduced string
background equations is
∂+(
√
det g g−1∂−g) + ∂−(
√
det g g−1∂+g) = 0 . (4)
We also have the same equation for λ, while the conformal factor f(Z±) satisfies linear
first order differential equations that can be integrated by quadratures, once g and λ
have been determined. The symmetries of the Ernst model can be described using the
twist potential ψ(Z±) of g, ∂±ψ = ±ǫ
√
det g g−1∂±g, where ǫ is the constant 2 × 2
antisymmetric matrix. Then, it can be verified that the variations
δ
(0)
T g = [gǫ, T ]ǫ , δ
(1)
T g = [gǫ, Tψǫ− 2ψǫT + ψtǫT ]ǫ (5)
are infinitesimal symmetries of the 2–dim model, provided that T is a generic SL(2, R) Lie
algebra element. By intertwining these transformations we obtain an infinite dimensional
symmetry algebra, [δ
(n)
T , δ
(m)
T ′ ] = δ
(n+m)
[T, T ′] , which is an ŜL(2, R) current algebra known as
the Geroch symmetry. Repeating the same analysis for the λ matrix and taking into
account the fact the δ
(n)
T
√
det g = 0, we conclude that the hidden symmetry of the 4–
dim string backgrounds in question is an Oˆ(2, 2) current group. This symmetry, which
is conveniently formulated in the Einstein frame, is clearly non–locally realized for all
n > 0.
The string Geroch group incorporates both T and S–duality symmetries. Explicit
calculation shows that in the presence of two Abelian isometries, the continuous O(2, 2)
transformations underlying T–duality have an SL(2) factor generated by the zero modes
of the g–ŜL(2) Geroch symmetry, while the other SL(2) factor is generated by the
modes δ
(1)
− , δ
(0)
0 , δ
(−1)
+ of the λ–ŜL(2) Geroch symmetry. As for the continuous SL(2)
transformations underlying S–duality, its generators can be identified with the zero modes
of the λ–ŜL(2) Geroch symmetry. Hence, apart from providing a unifying framework
for both T and S–duality symmetries, we also observe that the intertwining of T and
S produces infinitely many more additional symmetries, which are associated to higher
modes of the string Geroch group. It is reasonable to expect that the complete group of
dualities for this particular sector of string theory will be an infinite dimensional discrete
subgroup of Oˆ(2, 2) realized non–locally in the Einstein (and in the σ–model) frame of
the theory. Their world–sheet origin is lacking at the moment.
More details can be found in the work “O(2,2) Transformations and the String Geroch
Group” by the present author, published in Nucl. Phys. B428 (1994) 374 (and references
therein).
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